In view of the need of an accurate modelling of nongravitational forces on laser-tracked satellites, it is important to understand their rotational dynamics, which determines the temperature anisotropy and the enõuing radiation recoil effects. We propose a model of the torques acting on LAGEOS due to eddy currents and gravity gradient. The electromotive forces induced in the spacecraft by its rotation in the magnetic field of the Earth dissipate angular momentum and produce a precession of the spin axis; the oblate spacecraft will precess in the gravitational field of the Earth at a rate proportional to the rotation period. Therefore the gravitational torques become more and more important with time and eventually may produce a chaotic dynamics. The predicted evolution of the spin period agrees very well with the few experimental data available and corresponds to an approximately exponential growth rate of about 3 years. We have a drag due to the interaction with the charged particles; the radiation pressure from the Sun, as modified by the eclipses; the radiation pressure from the Earth, both in the optical and the infrared band; and, finally and crucially, the reaction due to the anisotropic radiation emitted by the spacecraft with an inhomogeneous temperature distribution. In particular, Rubincam [1987] and Rubincam et al. [1987] has shown that the observed, long-term change in the semimajor axis of LAGEOS could be explained by the "radiation rocket" effect due to the terrestrial infrared radiation on a spinning spacecraft, although the direct Earth albedo radiation pressure could also give a similar effect [Anselmo et al., 1983] . Since the temperature anisotropy is determined by the vectoria! angular velocity, a theoretical model for its time evolution is required.
INTRODUCTION
In the 1960s, space physicists devoted a good deal of attention to the natural torques acting on spacecraft, with the hope of controlling their attitude without active propulsion systems; for example, by activating magnets inside a spacecraft orbiting in the magnetic field of the Earth one could control its attitude [Wilson, 1959 [Wilson, , 1960 [Wilson, , 1964 Hecht and Manger, 1964] . Colombo investigated the rotation of Explorer XI and studied the torques induced by the gravitational gradient [Colombo, 1964] and by permanent magnetization with hysteresis effects [Colombo, 1967] . Colombo [1967] also give a short and semiempirical discussion on the loss of angular momentum due to eddy currents, one of the main topics of the present work.
With the advent of active and precise attitude control systems, the problem of natural torques on spacecraft lost its main practical interest and laid neglected for some time, but now there is a strong, new motivation from the need for a full understanding of the very weak forces acting on lasertracked satellites like LAGEOS [Cohen et al., 1985] . It is now possible to measure its long-term acceleration to an accuracy of •10 -•ø cm/s2; indeed, this very high accuracy, and a good theoretical model to match it, is required by the exceedingly precise range measurements available (down to 1 cm) and the need for a good orbital solution valid for a long time. A very accurate knowledge of the orbital elements of LAGEOS is important for geodetic applications. Indeed, at present, the anomalous, along-track acceleration, which is Earth, both in the optical and the infrared band; and, finally and crucially, the reaction due to the anisotropic radiation emitted by the spacecraft with an inhomogeneous temperature distribution. In particular, Rubincam [1987] and Rubincam et al. [1987] has shown that the observed, long-term change in the semimajor axis of LAGEOS could be explained by the "radiation rocket" effect due to the terrestrial infrared radiation on a spinning spacecraft, although the direct Earth albedo radiation pressure could also give a similar effect [Anselmo et al., 1983] . Since the temperature anisotropy is determined by the vectoria! angular velocity, a theoretical model for its time evolution is required.
The "radiation rocket" effect may play a role for a laser-tracked satellite on three counts: (1)the solar heating, especially as a consequence of eclipses, which produce long-term effects on the orbital elements; (2) the infrared radiation of the Earth [Rubincam, 1987] ; and (3) for slowly rotating satellites, the "daily" Yarkowsky effect due to a lack of temperature uniformity along their equator, producing an additional force orthogonal to the spin axis. The knowledge of the spin vector of the spacecraft is essential for an understanding of these effects.
For a passive, nonferromagnetic spacecraft like LA-GEOS, the main acting torques are (1) the parasitic currents generated in its conducting body by the v x B force due to the rotational velocity and (2) the gradient of the gravita- terized by three time scales' the magnetic decay time v• •, the nodal period P N = 2•/1•, and the "Hipparcos" precession period 2rr/OOp due to the gravitational gradient. For LAGEOS, the first two constant are of the same order of magnitude; the last quantity is initially much larger, but eventually, it becomes comparable. We attack the problem with a combination of analytical approach (multiple time scales [Bogoliubov and Mitropolski, 1961] ) and numerical integration and show the great variety and complexity of results in different regions of parameter space.
Some measurements of the rotation period of LAGEOS are available, using both a coherent laser and microwave radar. One laser measurement is known [Sullivan, 1980] and gave a rotation period of 1.44 s on April 11, 1979 (approximately 3 years after launch). At launch on May 4, 1976, the period T was nominally 0.6 s [Ordahl, 1975] and the axis lay, again nominally, in the orbital plane at an angle 00 • 22 ø with the polar axis (cos 00 = -+0.92675) [Rubincam, 1987] (8) and (9) show that in the lowfrequency limit, the main contribution to the torque comes from the imaginary part a" of the complex polarizability. The other term, being orthogonal to m, does not produce work; its effect, reduced by the small value of the numerical coefficient, is a precession with frequency: Whether or not the magnetic torque acting on LAGEOS falls in the low-frequency regime cannot be said a priori. Were LAGEOS a homogeneous aluminum sphere, because of the large initial ratio p/& the functions/3' and/T would be required in a finite interval; however, there are at least three arguments which support the applicability of the lowfrequency limit. First of all, LAGEOS has a complex internal structure. It is made by two aluminum hemispherical shells embedding an internal brass core. Although these three parts are mounted in close mechanical contact, the electrical conductivity at the inner boundaries is likely to be very poor, due to the oxide layer on the aluminum surfaces. In other words, the three main parts of the satellite may, to a good degree, be considered as three distinct conductors with no (or poor) electrical contact. The effective ratio p/•5 is hence smaller than the one computed with the bare geometrical radius of the satellite. Second, the main contribution to the magnetic torque comes from currents flowing in the external layers of the body, where the "skin effect" is less important. Third, in the case of the homogeneous sphere the values of a' and a" differ, for p/•5 < 1.5 by less than 20% from the values computed using the asymptotic expansions (5) and (6). Hence we can expect that the low-frequency limit is a good approximation even at the beginning of the mission. In the following, we concentrate on this limit; as it will be shown in section 4, equation (51) The driving term in the right-hand side prevents the asymptotic decay of &o, but since it almost averages out to zero in a nodal period P N, only a fraction of the last nodal period will contribute to its value; hence &o is of order PNi'rn w <<
•o and the last term in (27) can be neglected.
The average 13ij is easily obtained from (16) 
THE ANGULAR VELOCITY OF LAGEOS
It is interesting to apply the previous theory to the time evolution of the spin axis of the satellite LAGEOS. In the inertial frame, the equation of motion to be integrated are 1 dw i we .... which supports our "low-frequency" approximation. For a further check, besides the low-frequency limit discussed so far (model A), we have fitted the available data with two more models: Model B uses first-order corrections (i.e., to O(t•2/p 2) to the low-frequency limit, using the full expression (3') for the torque and also estimating/3'(0) and (dlT/dx)x=o besides /T(0) and To, and model C is the "equivalent sphere". We use full Landau-Lifshitz expression for the polarizability a and fit the data with To and the parameter /T(0) defined by (50). In Table 1 It is interesting to compare the quantities To and F" obtained in the three cases. Using models A and B, one obtains a larger torque in the initial phase of the decay. This excess of dissipation "forces" the parameter To to a lower value. Model C has initially a good agreement with the observations and a spin period equal to the nominal one (0.6 s), but in the end the total variance is larger than for the other models. This indicates that higher-order terms of the magnetic polarizability may come into play in the early phase of the slowing down. However, the above results provide a convincing justification to the use of the low-frequency limit. It is also remarkable that within a couple of years from launch all models indicate essentially the same period and total torque. The large discrepancy in the value of F' between models A and B can be explained with the fact that the torque F', being orthogonal to to, does not affect directly the spin period and therefore the determination of/•'(0) is more difficult than the one of/3"(0). It must be mentioned, however, that the least square function of model B exhibits a well-marked minimum for the values of Table 1 . Note also that using the same model B, the value of (dl3"/dx)x=O cannot be reliably determined and is smaller, in absolute value, than 10 -4. This fact may be related to a general property of the magnetic polarizability of a homogeneous sphere, whose expansion in series of the parameter (p/$)2 contains only terms of order 2n and 2n + 1 for the real and imaginary parts (a' and a"), respectively. Hence for a uniform sphere, (dl3"/dx)x=O = 0. Such a result may be valid, more generally, for symmetric conductors spinning around the axis of symmetry.
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CONCLUSIONS
In this paper we have developed a theoretical model for the evolution of the angular velocity of an axially symmetric, conducting satellite orbiting in a dipole magnetic field. Although the treatment is quite general and some results are interesting in themselves, the present work was driven by the need to model the very tiny forces acting on the laser-tracked satellite LAGEOS. As discussed in the introduction, some of those forces depend indeed on the orientation of the spin axis of the satellite.
The predictions of the model are in excellent agreement with the available measurements of the slowing down of LAGEOS. Although the spin period shows a roughly exponential decay that can be predicted on the basis of simple dimensional considerations, some features of the experimental curve are related to more complex phenomena, due to the peculiar combined action of magnetic and gravitational torque. The confidence in the model stems from its capability to also reproduce very well those features not simply related to a bare exponential trend. Moreover, the model is sensitive to the sign of the initial angular velocity: If the wrong sign is used in the initial conditions, the agreement with the data is much poorer.
It would be interesting to use the evolution of the angular velocity, as predicted by our theory, fo• an improved modelling of the so-called "radiation rocket" effect. In view of this application, we think, however, that measurements of the vectorial angular velocity would be very important for a more complete and exhaustive test of the model. Recently [Rubincam, 1990] , an attempt to recover the position of the spin axis of LAGEOS has been made by fitting anomalous along-track acceleration data with a model of the Yarkovsky thermal drag. Rubincam's conclusion is that the spin axis has slightly drifted from its initial position toward the axis of the Earth, in the period 1976-1987. This is roughly in agreement with our results (see Figure 5a) .
The evolution of the angular velocity, which up to now has been determined essentially by the magnetic torque, will exhibit in the future a much more complex and unpredictable behavior, as the gravitational precession due to the slight oblateness of the satellite will in the end dominate its dynamics. The exponential slowing down due to eddy currents will continue with approximately the same rate, and the period of the gravitational precession, being proportional to to, will become very short. Our model predicts that the transition to the new regime, dominated by the gravitational torque, will occur within 1-2 years from now (December 1990) and LAGEOS, like a very slow top, will start tumbling faster and faster, with a chaotic dynamics. When the time scale of variation of to will become comparable with the orbital period of the satellite, the theory developed in this paper will be no longer applicable. 
